Introduction
Graphitic grey cast iron is a material often used in the mechanical industry. It is normally used at low load levels, primarily in compression, due to its brittle behavior in tension. In several applications the material is used at high load levels. However, the information on elastoplastic deformation is very limited. Some results from uniaxial experiments are available (e.g., Gilbert 1970 Gilbert , 1985 Herron et al., 1970) . Biaxial fracture criteria have been proposed by several authors (e.g., Grassi and Cornet, 1949; Coffin, 1950; Fisher, 1952; Clough and Shank, 1957; Mair, 1968; Priddy, 1974) . These criteria are based on experiments on thin-walled tubes loaded by combinations of a tensile force and an internal pressure. In some of these investigations (Coffin 1950 ) also the biaxial elastoplastic behavior is discussed. However, apart "= from recent biaxial experiments on thin cruciform specimens loaded in plane stress carried out at our Division (Hjelm, 1994) we have not found any biaxial experiments primarily aiming at studying the elastoplastic behavior. Figure 1 shows the experimentally determined yield surface from Hjelm (1994) .
~
The material studied is a grey cast iron containing 3.3 percent C, and also Si, Mn, and Cr with pearlitic matrix and graphite of type lA and size 4-5. Cruciform specimens made of this material were subject to different biaxial load histories, see Hjelm (1994) . The specimens were loaded in plane stress. Points in Fig 
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rameters were determined from uniaxial tests in tension and compression. The yield stresses in tension · and compression were chosen as err= 100 MPa and ere= 300 MPa, respectively, and the corresponding tangent moduli CEr)r = 67 GPa and (Er)c = 40 GPa.
One of the most complicating factors in modeling the elastoplastic behavior of grey-cast iron is the observed substantial difference in yield strength in tension, "r· and compression, "c· Typically ere is about three times larger than -500 -400 -llO -2.00 -100 0 100 CJ, From Hjelm (1994) . APRIL 1995, Vol. 117/145 aT, this is also shown in Fig. 1 . The present grey cast iron has a two-phase structure with hard graphite flakes rando~ly distributed in a softener pearlitic matrix. The lower YJeld strength observed in tension is believed to be cause~ by local microcracking in the pearlitic matrix at the graphite flakes due to the high stress concentrations at these points and at defects attributed to the casting process. This leads to an increased nonlinear deformation at a given macroscopic stress state. The experiments also indicate a lower Young's modulus at unloading from a tensile loading. Clearly, damaging processes are active in tension. Microcracks originating from the graphite flakes have been observed by Johannessen and Hamberg (1989) in a microstructural investigation on a grey cast iron (similar to the one studied here). The specimens were subjected to uniaxial strain controlled cyclic loading. The cracks formed already at very low strain amplitudes and the number of cracks was found to increase with increasing strain amplitude. At increasing tensile loading the microcracks will eventually link up and form macrocracks leading to fracture without appreciable deformation of the matrix (Weinacht and Socie, 1987) . The hardening behavior differs from that of ordinary steels. "'"'>e hardening in tension is significantly larger than that in .npression. This difference is believed to be caused by the same mechanisms as described above. In tension, plasticity starts at a lower stress state than in compression due to local plasticity at the microcracks. Thus large parts of the matrix are elastic at low and moderate local tensile plasticity. In 'llpression no microcracks form and those already formed .~se. This leads to a more uniform plasticity in the matrix and plasticity starts at a higher stress state. One may note that qualitatively the same elastoplastic behavior has been observed for some martensitic steels (i.e., Drucker, 1973; Spitzig et al., 1975) . However, the difference in values for ac and aT is much smaller, typically ac = 1.10 aT.
Examples of yield surfaces that include the difference in aT and ac are the modified von Mises yield function, F 1 below (e.g., Lee, 1988) and the combination of F 1 , used in tension, with an ordinary von Mises yield surface, used in compression (Josefson and Hjelm, 1992) .
Here s;J is the stress deviator and akk is the first invari-.,t , / 1 , of the stress tensor. Fisher (1952) proposed a fracture criterion for grey cast iron with a similar shape as Eq. (2). Equations (1) and (2) are included in the biaxial results in Fig. 1 . It is seen that Eq. (2) agrees better than Eq. (1) with experimental results in biaxial compression (Hjelm, 1994) .
Ting loading in biaxial tension Hjelm (1994) found that the ~.vpes in the stress-strain curves were decreasing almost continuously for an increased load. Hence, there exists no well defined point for the onset of plastic deformation. From Fig. 1 it appears that the tensile behavior would have been better described with a modified Tresca's yield function with different yield strengths in tension and compression, such a yield function is also included in Fig. 1 . However, by use of Eq. (2) it is possible to model the biaxial plastic behavior with sufficient accuracy for the present application where a good description of the behavior in tension-compression and biaxial compression is essential. Equation (2) gives a better description than the modified Tresca criteria for these loading situations.
Both yield functions above include the first stress invariant 1 1 • All consequences of this term in the yield condition can 146/ Vol. 117, APRIL 1995 not be determined from biaxial loading. It is found from Eq. (2) that the yield surface has an apex for the tensile hydrostatic stress akk = acaTf3 (ac-aT) . With the present values for ac and aT one obtains akk =50 MPa. However, as in the engineering application for graphitic grey cast iron studied below, cylinder heads in heavy duty Diesel engines subject to mechanical and thermal loading, the material will very seldom be loaded by purely triaxial hydro-static stresses.
In a previous paper, Josefson and Hjelm (1992) , the associated flow rule was used together with an isotropic hardening rule employing different hardening moduli, HT and He , in tension and in compression. This model was found to give a qualitatively good agreement with biaxial experimental results in Hjelm (1994) and with the experimentally obtained plastic dilatation reported in Coffin (1950) , see Josefson and Hjelm (1992) and Hjelm (1994) . However, reversed plasticity is not modeled accurately. This is an important property for the present application.
The overall objective of this paper is to improve the elastoplastic theory for gray-cast iron. Essential to our investigation is to use a very limited number of material parameters. These should be determinable from uniaxial tension and compression tests. The results of numerical simulations are then compared with the biaxial experimental results (Hjelm, 1994) .
In the present investigation an elastoplastic constitutive model based on Prager's kinematic hardening rule (e.g., Fung, 1965 ) is proposed and implemented in a commercial FE-code; ABAQUS (1988) . Both associated and nonassociated plasticity is considered. The appearance of the above yield functions during reversed plastic loading and during cyclic loading will be studied. The effect of plastic dilatation in biaxial loading situations is studied. Comparison with the isotropic hardening model is also made.
The appearance of the different yield functions and hardening rules discussed will be demonstrated in an engineering application, FE-calculations of thermo-elasto-plastic deformations in a cylinder head made of grey cast iron for a heavy duty Diesel engine.
Linear Kinematic Hardening Model
In the kinematic hardening model hardening is modeled by the translation of the center of the yield surface, a;J· In order to simplify notation the shifted stress tensor is introduced according to ii;J = a;J -aij. It is here assumed that the shift rate is linearly proportional to the plastic strain rate (Prager linear kinematic hardening). (3) It is obvious from the experimental results that c must be taken as stress state dependent with different values in tension, cT, and compression, cc . To improve the agreement with experiments the break point between tension and compression for the hardening parameter has been chosen as akk = 0. The plastic strain rate is then given by Thus, a constant term is added to the gradient in tension. This term gives plastic dilatation in associated plasticity. In nonassociated plasticity the von Mises yield condition will be used as the yield potential G. The gradient is given by
With the present choice of G nonassociated plasticity will not only result in plastic strains not being normal to the yield surface, but one would also have no plastic dilatation.
Plastic volumetric strain is indeed observed in biaxial experiments on grey cast iron (Coffin, 1950) . However, the predicted rate from an associated theory is determined by uc and uT . This might appear doubtful at first glance but both the plastic volumetric strain effect and the difference in yield strength in tension and compression are both attributed to the development of voids and micro cracks at the graphite flakes.
Even though c is taken constant the hardening will not be constant, i.e., the stress strain curve will be slightly curved and history dependent through the shift aij . For reasonable values of c this effect is very small. It is here suggested that the virgin hardening from uniaxial tension and compression tests are used to determine c. The initial increment in plastic strain t. Ef with an increasing t. ux is given by Eq. (4) with a ;j = 0. One finds for associated plasticity
where n = ucf uT is introduced. For nonassociated plasticity the result is 2 fleP = -t.a: Figure 2 shows a calculated uniaxial stress-strain curve after integrating Eq. (4) with c taken as constant but stress state dependent. Included in Fig. 2 is also the initial slope in the elastoplastic region based on Eq. (7). Figure 2 shows the slight nonconstant hardening in tension as was discussed earlier.
The kinematic hardening model with associated or nonassociated flow rule has been implemented into a commercial finite element code (ABAQUS, 1988) through a user-supplied material routine. The same algorithms as in the case of isotropic hardening were employed, see Josefson and Hjelm (1992) . Thus, the stress increments corresponding to given strain increments (in one iteration for global equilibrium at the end of a load step) are evaluated employing a predictor- proposed by Ortiz and Simo (1986) . The implementation follows the lines given by Mitchell and Owen (1988) . Hence, in the corrector phase, stresses and hardening parameters are iteratively updated by calculating the plastic multiplier t. A from a first order Taylor series expansion of the yield condition. The evaluation of the (two) plastic multipliers in the two comers of the yield function Eq. (2) follows Pramono and Willam (1989) . Thus, in the predictor phase, iterations to fulfil the yield condition are first performed for one of the yield functions in Eq. (2). When convergence is achieved the other yield condition is checked. If this condition is violated, it is assumed that the stress state is located at one comer of the yield surface and iterations (as above) are performed to fulfil both yield conditions.
Linear Kinematic Hardening Model: Comparisons With Experiments and With Isotropic Hardening
The proposed kinematic hardening model with an associated flow rule will now be subject to some load histories involving reversed plasticity. Figures 3 and 4 show calculated stress-strain histories and corresponding experimentally obtained results from Hjelm (1994) for two load histories with initial biaxial tension u.., = oy and with ux = -2 uY (starting with uy > 0). Included in Ftgs. 3 and 4 are also stress-strain curves calculated with the isotropic hardening model proposed in Josefson and Hjelm (1992) . It is seen that use of a constant hardening value limits the agreement during yielding. In particular during tensile yielding the stress-strain curve is strongly nonlinear. However, the kinematic hardening model seems to give a somewhat better agreement during reversed plasticity than the isotropic model. During reversed yielding for the case u_.. = -2 uy one finds that the theoretical uY curve changes hardening during yielding in compres- 
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o.s sion. This is due to the choice of break point between hardening in tension and compression. The results do not show a clear improvement using a kinematic hardening model compared to an isotropic one. From Fig. 4 the kinematic model seems to follow the experimental results better than the isotropic model. However, Fig. 3 shows the reverse result. As stated above, use of Eq. (2) together with an associated flow rule will result in plastic dilatation. Figure 5 shows the · calculated plastic dilatation, efk , as a function of applied stress for three different monotonic loadings (under stress control). Included in Fig. 5 are also experimental results from Coffin (1950) . For the case ax = a. one finds quantitatively the same result as in Coffin (1950} except during the initiation of plastic flow;
The experimental results in Coffin (1950) indicate that the o other curves in Fig. 5 should be located above the ax = ay curve, as is indeed the case in Fig. 5 , but the difference between them should be smaller. The same qualitative agreement as in Fig. 5 was obtained also using the isotropic hardening model proposed in Josefson and Hjelm f1 992) as is to be expected.
Observe however, that the material examined in Coffm (1950) is not identical to the present material although it seems to have roughly the same ratio between the yield strength in compression and tension.
For other materials, like concrete, it is often stated that the calculated plastic volume increase using an associated flow rule will be too large. As noted above, use of a kinematic hardening and a nonassociated flow rule, Eq. (6), will give no plastic dilatation. Figure 6 shows calculated uniaxial stress-strain curves for this case. The nonsymmetric equation solver available in the FE-code ABAQUS is employed to handle the entering nonsymmetric tangent modulus matrix. One finds that for the nonassociated flow rule the calculations stop at ax = 150 MPa with the computer indicating negative eigenvalues to the structure stiffness matrix. This 
A Simple Nonlinear Kinematic Hardening Model
The experimental results from Figs. 3 and 4 show that grey cast iron has a noticeable nonlinear hardening, particularly in tension. As is obvious a constant c 7 gives poor agreement with experiments. To improve the model in tension c 7 may be taken as stress dependent. When examining the results from the experimental series in Hjelm (1994) one fmds that roughly the same hardening in tension is observed for different combinations of ax and a 1 , but for the same maximum principal stress. One could therefore take c 7 as a function of the maximum principal stress a 1 , hence c 7 = c 7 (a 1 ) . To be precise, c 7 is changed at a 1 = 100, 150, and 200 MPa, respectively. In determining the specific values of c 7 curve fitting was used together with Eq. (7). The agreement with the uniaxial tension test is very good, as is to be expected. Figure 7 shows biaxial experimental results together with the original theory with c 7 taken as constant in tension and the 'improved' theory with c 7 = c 7 (a 1 ). As seen in Fig. 7 , the agreement with experimental results from Hjelm (1994) is improved considerably. Included in Fig. 7 is also calculated results based on c 7 = c 7 (akk). However, in biaxial tension this latter approach predicts a too soft response. Figure 8 shows the appearance of the proposed nonlinear kinematic hardening model when subject to three cycles of strain controlled uniaxial loading with the strain amplitude E = 0.25 percent. The load history started with loading in compression to the total strain 0.25 percent. One finds that both the maximum compressive and tensile stresses will increase somewhat, i.e., the curves move upwards. Cyclic loading of graphitic grey cast iron has been studied experimentally by Gilbert (1985) . He found, after some 100 cycles, a noticeable decrease in tensile stress and an, even larger, increase in (the absolute value of) the compressive stress.
As seen in Fig. 8 this experimentally observed reduction of maximum tensile stress can not be modeled with the present model. One may note that use of a constant value for cr will result in a too high increase of maximum tensile stress and a corresponding reduction of maximum compressive stress.
Engineering Application
The user-supplied routine described above is used to calculate the three-dimensional deformation and stress fields in a cylinder head made of grey cast iron for a heavy duty Diesel engine. The cylinder head is subject to a long-term load variation due to start and stop of the engine, which results in different stress fields in a cold cylinder head and in a cylinder head at operating temperature, about 300°C. The mechanical parameters for grey cast iron have, roughly, constant values up to this temperature. These stress fields are calculated by use of ABAQUS. The same FE-mesh, boundary conditions and thermal ·and mechanical loading as in Hjelm (1991) are employed. Note that the thermal field present in the cylinder head at operating temperature is calculated from a nonlinear thermal FE-analysis, see Hjelm (1991) .
Following Hjelm (1991) the mechanical loading history is divided into five load steps:
1 The forces from prestressed boltings used to tighten the cylinder head to the engine block and the fixed displacement of the lower edge of the outer wall (simulating partial contact with the engine block) are applied.
2 The temperature field of operating · temperature is applied.
3 The temperature field of step 2 is removed. 4 The temperature field of step 2 is applied again. 5 The gas pressure at operating temperature from the combustion chamber is added to step 4. Figure 9 shows a view of the FE-mesh used together with calculated contours of in-plane stresses u 11 after load step 5. Figure 10 shows FE-calculated in-plane stresses u 11 for the upper and lower part of the bottom plate at line A, see Fig. 10 Calculated In-plane stresses u 11 at line A (see Fig. (9) ) In cylinder head for Diesel engine 9, where cracks often develop in cylinder heads (Blech, 1982) . Curves denoted MvM have been calculated using the modified von Mises yield criterion, Eq. (1) together with an isotropic hardening rule (Hjelm, 1991) , and curves denoted MFi have been calculated using Eq. (2) together with a linear kinematic hardening rule, Eqs. (3)-(5). When studying for example in-plane stresses u 11 at the lower side of the cylinder head at A, one fmds, as expected, identical tensile stress values after load step 1. However, with Eq. (2), together with a kinematic hardening rule, yielding in compression at load step 2 will take place for lower stress values (the stress state at this point is roughly biaxial with the other in-plane stress u 22 = -150 MPa at load step 2). As seen in Fig. 1 , there will be considerable yielding in compression at line A after step 2 if the yield function Eq. (2) is employed. Note, that prestressing of the bolts will lead to tensile in-plane membrane stresses at line A with a magnitude of roughly half the yield stress in tension ur. However, as discussed in Hjelm (1994) , also for these tensile stress levels inelastic, plastic strains will develop in grey cast iron. Based on our FE-calculations one may therefore conclude that a thermo-elastic analysis is in-· sufficient for an accurate prediction of the stress field in the cylinder head and also for estimations of the fatigue life.
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Discussion and Conclusions
We have found that a linear kinematic hardening model with constant values for c in tension and compression, respectively, can give good qualitative agreement with experiments for reversed plasticity (Hjelm, 1994) . However, due to the experimentally observed nonlinear hardening in tension, this model can not be used to model cyclic loading involving large plastic deformations. For this case we propose a nonlinear kinematic hardening model with cr = cr(u 1 ) where u 1 is the maximum principal stress. The model should be easy to apply to other similar grey cast irons using uniaxial tension and compression experiments. Nonlinear kinematic hardening can also be modeled by making c a function of effective plastic strain measures (Eisenberg and Phillips, 1968 and Rashid, 1974) . Numerous models for cyclic elastoplastic behavior have been proposed over the years, . in many cases employing a two-surface theory (Dafallias and Popov, 1976; Hashiguchi, 1981) to capture strongly nonlinear hardening behavior. However, almost all of them deal with von Mises plasticity, and thus yield functions that are independent of the first invariant of the stress tensor ukk · This possibility will not be perused here due to the difficulty of defining and using effective plastic strain measures with the type of yield condition used (Eq. (2)). Ordinary definitions of effective stress and effective plastic strain are based on increments in plastic work. A straightforward calculation would here give two effective plastic strains and corresponding effective stresses. These are the von Mises effective stress and strain and the hydrostatic stress and volumetric strain, respectively. In .order to develop a hardening rule with two effective plastic strains these have to be separated in the experiments. This is not possible in the biaxial experimental results available, see also Hjelm (1994) .
Our approach has been to model irreversible deformations in grey cast iron using classical theories of plasticity. As stated above in the Introduction, local microcracking at the graphite flakes is believed to cause the difference in yield strength and hardening in tension and compression. Fash and Socie (1982) proposed a formula for the (low cycle) fatigue life based on experimental results from cyclic experiments. The number of cycles to failure was correlated to the product of the maximum tensile stress and the (prescribed) strain amplitude. Their relation was seen to be valid for different mean stresses and strains. As seen in Fig. 10 points at possible crack initiation locations experience a considerable mean stress. For example, by use of calculated in-plane stresses a 11 , see Fig. 10 (and corresponding a 22 and strain ranges) at lower parts of line A in Fig. 9 , one finds that the formula in Fash and Socie (1982) , although determined from .iaxial experiments, would predict some 60,000 cycles of step 2-3-4 above before failure. The model in Fash and Socie (1982) was later extended by Weinacht and Socie (1987) who modeled growth of cracks originating at the graphite flakes by use of a continuum damage model.
